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Abstract. In Rips Complexes and Covers in the Uniform Category [3] we 
define, following James [9], covering maps of uniform spaces and introduce the 
concept of generalized uniform covering maps. In this paper we investigate 
when these covering maps are induced by group actions. Also, as an application 
of our results we present an exposition of Prajs' |15j homogeneous curve that 
is path-connected but not locally connected. 
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1. Introduction 

Rips Complexes and Covers in the Uniform Category [3] develops a theory of cov- 
ering maps for uniform spaces. This theory includes two classes of maps. Uniform 
covering maps, originally defined by James [9], are analogous to classical covering 
maps. In particular a uniform space has a universal uniform covering space if and 
only if it is uniform Poincare, i.e., is path connected, uniformly locally path con- 
nected, and uniformly semilocally simply connected. Generalized uniform covering 
maps were invented to deal with spaces that are not as nice. The concept of gen- 
eralized paths is introduced as well as the related idea of a space being uniformly 
joinable. It is then shown that a uniform space has a universal generalized uniform 
covering space if and only if it is uniformly joinable and chain connected. 
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This paper continues the development of the theory by investigating when uni- 
form covering maps and generalized uniform covering maps arise from a group 
acting on a uniform space. Then, as an application, we provide an exposition of 
J.Prajs' [15] example of a homogeneous curve that is path-connected but not lo- 
cally connected. We thank Misha Levin for suggesting that we include such an 
exposition. 

2. Definitions and Results from "Rips Complexes and Covers in the 

Uniform Category" 

We will discuss exclusively symmetric subsets E of X x X (that means (x,y) £ E 
implies (y,x) £ E) and the natural notation here (see [14]) is to use f{E) for the 
set of pairs (f(x),f(y)), where /: X — * Y is a function. Similarly, f^ 1 (E) is the 
set of pairs (x, y) so that (f(x), f(y)) 6 E if /: X -> Y and E C Y x Y. 

The ball B(x, E) at x of radius E is the set of all y £ X satisfying (x, y) 6 E. 

A uniform structure on X is a family £ of symmetric subsets E of X x X 
(called entourages) that contain the diagonal of X x X, form a filter (that means 
E 1 n E 2 £ £ if Bx,^ £ £ and F a £ £ if F 2 £ £ and F 2 C Fi), and every d £ £ 
admits G £ £ so that G 2 C G\ (G 2 consists of pairs (x,z) E X x X so that there 
is y £ X satisfying (a;, y) £ G and (y, z) £ G). A base of a uniform structure £ 
is a subfamily of £ so that for every entourage E there is a subset F e J 7 of E. 

There are various equivalent definitions of a uniform covering map. In order to 
treat these, we need some preliminary definitions. 

Definition 2.1. A map / : X — ^ Y generates the uniform structure on Y if 

for each entourage E of X, f(E) is an entourage of Y 

Notice that if / satisfies the above condition then it indeed generates the uniform 
structure on Y in the sense that {f(E) : E is an entourage of Y} is a basis for the 
uniform structure on Y. Also if / generates the uniform structure on Y then it is 
necessarily uniformly continuous and surjective. 

Definition 2.2. Given an entourage E of a uniform space X and a subset A C X, 
A is .E-bounded if for each x, y £ A, (x, y) £ E. Equivalently, A x A C E. 

Definition 2.3. Given an entourage E of X the Rips complex R(X, E) is the 

subcomplex of the full complex over X whose simplices are finite iS-bounded subsets 
of X. 

We consider homotopy classes of paths in R(X, E) joining two of its vertices. 
Since the identity function K w — > K m , K a simplicial complex, from K equipped 
with the CW (weak) topology to K equipped with the metric topology is a homo- 
topy equivalence (see [12l page 302]), it does not really matter which topology we 
choose for R(X,E). 

The simplest path in R(X,E) is the edge-path e(x,y) starting from x and 
ending at y so that (x,y) £ E. Any path in R(X,E) joining two vertices x and y 
can be realized, up to homotopy (see [TBI Section 3.4]), as a concatenation of edge- 
paths. Thus, each path in R(X,E) can be realized by an E-chain x = xx, . . . , 
x n = y such that (xi, Xj+i) £ E for all i < n. Two paths in R(X, E) represented by 
different iS-chains with the same end-points are nomotopic rel. end-points if and 
only if one can move from one chain to the other by simplicial homotopies: a new 
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vertex v can be added or removed from a chain if and only if v forms a simplex in 
R(X,E) with adjacent links of a chain (see [El Section 3.6]). 

Given / : A — > Y and an entourage E of X notice it induces a natural simplicial 

n n 

map f E : R(X, E) -» #(Y, /(£)) by the formula fs(Yl U • a*) = £ *i ■ f{ Xi ). 

i=l i=l 

Definition 2.4. A surjective function /: X — > Y from a uniform space X has the 
chain lifting property if for any entourage E of X there is an entourage F of 
X such that any /(i 7 ')-chain in Y starting from f(xo) can be lifted to an S-chain 
starting from xq. 

A function / : X — > Y from a uniform space A has the uniqueness of chain 
lifts property if for every entourage E of X there is an entourage F of A such 
that any two -F-chains a and /? satisfying /(a) = /(/?) are equal if they originate 
from the same point. 

We say that a function has the unique chain lifting property if it has the 
chain lifting property and the uniqueness of chain lifts property. 

If a function / : A — > Y has chain lifting then it generates a uniform structure 
on Y. 

Theorem 2.5. Given a map f : A — » Y that generates the uniform structure on 
Y , the following are equivalent. 

1. There is a basis £ for the uniform structure on X such that for each E G £, 
f maps B{x 1 E) bijectively onto B(f(x),f(E)). 

2. There is a basis £ for the uniform structure on X such that for each E G £, 
the induced map fs- R(X,E) — > R(Y, f(E)) is a simplicial covering map. 

3. a. For each entourage E of X there is an entourage F of Y such that if 

(x,y) G F and f(x') = x there is ay' G X with (x',y') G E 
and 

b. There is an entourage Eq of X such that if (x, y) G Eq and f(x) = f(y) 
then x = y. 

4. / has the unique chain lifting property. 

We call a simplicial map a simplicial covering map if it is a topological cover. 

For the equivalence of (3) and (4), we have in particular that (3a) is equivalent 
to chain lifting and (3b) is equivalent to uniqueness of chain lifts. The entourage 
in (3b) is said to be transverse [9 to /. 

Definition 2.6. A uniform covering map is a map / : A — > Y between uniform 
spaces that generates the uniform structure on Y and satisfies one of the equivalent 
conditions in 12.51 

A uniform covering map is a topological covering map and a uniform space has 
a universal uniform covering space if and only if it is a uniform Poincare space, 
i.e., is path connected, uniformly locally path connected, and uniformly semilocally 
simply connected. See [3] for the appropriate definitions. 

Referring back to 12.51 (1) helps to indicate that it is related to classical covering 
maps but is not very useful in practice. Statement (2) also gives a connection to 
classical covering maps and is interesting in its own right as Rips complexes are 
also vital for generalized uniform covering maps. The characterization that is most 
useful in practice is (3). Version (4) concisely states the essence of uniform covering 
maps and also relates uniform covering maps to generalized uniform covering maps. 
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The idea behind generalized uniform covers is to find a covering space theory that 
is useful for spaces that may not be path connected or locally path connected. We 
shift the focus from paths to generalized paths. A generalized path is an element 
of the inverse limit of the Rips complexes R(X, E) but can also be described in 
a nice way. A generalized path is a collection {[ce]}s of homotopy classes of 
paths [ce] in R(X,E) joining fixed x G X to y G X such that for all entourages 
F C E, cp is homotopic to ce in R(X, E) rel. end-points. The space of generalized 
paths is denoted GP(X). We normally restrict our attention to the pointed space 
GP(X,xq) consisting of generalized paths originating at a point xq G X. 

To describe the uniform structure that we give GP(X, xq) let us first introduce 
some terminology. Let us say that two E-chains ce and d,E starting at the same 
point are .E-homotopic if the concatenation * cLe is E-homotopic to the edge 
path between their endpoints. Note that we necessarily have that their endpoints 
are E-close. Similarly let us say that two generalized paths c = {[ce]}b and 
d = {[<1e]}e are £7-homotopic if ce and ds are EMiomotopic. A generalized 
path is called £7-short if its E term is E-homotopic rel. endpoints to the edge 
path in R(X, E). Now, given an entourage E of X define a basic entourage E* of 
GP(X, xq) to be all pairs of generalized paths (a,/3) that are E-homotopic, i.e., 
that have a~ 1 * (3 E-short. 

We are now ready to define a generalized uniform covering map. 

Definition 2.7. A map / : X — > Y between uniform spaces that generates the 
uniform structure on Y is a generalized uniform covering map if 

1. / has chain lifting 

2. / has approximate uniqueness of chain lifts 

3. / has generalized path lifting 

A map / : X — > Y has approximate uniqueness of chain lifts if for each 
entourage E of X there is an entourage F of X such that any two E-chains in X 
originating at the same point are E-close if their images under / are identical. Two 
chains ci, . . . , c n and di, . . . , d n are .E-close if (cj, dj) G E for each i < n. 

In this paper we do not deal with generalized path lifting. Instead we use the 
following result. 

Proposition 2.8. If a map f : X — > Y that generates the uniform structure on Y 
has chain lifting, approximate unigueness of chain lifts, and complete fibers then it 
is a generalized uniform covering map. 

Analogously to the way the fundamental group is defined, we define the uniform 
fundamental group 7Ti(X, xq) to be the group of generalized loops at xq. It is 
equivalent to the inverse limit of the fundamental groups 7ri (R(X, E)) and, for 
metric continua, is equivalent to the first shape group [31 Corollary 6.5]. 

3. Group actions and covering maps 

In this section we address the issue of when a left group action of G on a uniform 
space X induces a uniform covering map or a generalized uniform covering map. As 
usual, we restrict our attention to faithful group actions (that means g ■ x = x for 
all x G X implies g = 1 G G) - the reason is one can replace G by G/H, where H 
is the stabilizer of X. We do not assume that the action is by uniform equivalences 
as it is assumed in [9l 0] . 
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Recall the action of G on X is neutral [9, Definition 6.2 on p. 90] if for each 
entourage E of X there is an entourage F of X such that (x,h ■ y) G F implies 
existence of g G G so that (g ■ x, y) G E. 

Proposition 3.1. Lei G be a group acting on a uniform space X. The projection 
p: X — > X/G /las i/ie chain lifting property if and only if the action is neutral. 

Proof. Suppose the action is neutral and E, F are entourages of X such that 
(x,h ■ y) G F implies existence of g G G so that (<? ■ x,y) G -E. Assume yi, . . . ,yk 
is a p(F)-chain in X/G. To show it lifts to a _E-chain in X it suffices to consider 
the case k = 2. Suppose p{x\) = y\. Choose (x,y) G F so that p(x) = yi and 
p(y) = j/2- There is g G G satisfying x — g ■ x\. Now (xi,<7 ■ y) £ E and for 

= ■ V one has p(x 2 ) = y 2 . 

Now suppose any p(F)-chain in X/G lifts to an E-chain. Given (x,h ■ y) G F 
lift the p(E)-chain {p(h ■ y),p(x)} to an E-chain {y, z}. Notice there is g G G with 
z = g ■ x. □ 

Remark 3.2. Since a map that has chain lifting generates a uniform structure [21 
Proposition 2.8], if a group G acts neutrally on a uniform space X we give X/G 
the uniform structure generated by the projection p: X — * X/G. 

Corollary 3.3. The projection p: X — > X/G is a uniform covering map if and only 
if the action is neutral and there is an entourage Eo of X such that (x, g ■ x) G Eq 
implies g ■ x = x. 

Definition 3.4. Suppose a group G acts on a uniform space X. The action is 
called uniformly properly discontinuous if there exists an entourage E of X 
such that for all x G X the inclusion (x, g ■ x) G E implies g = 1 G G. 

Our definition of uniformly properly discontinuous action is weaker than the 
one used by James [9] since we do not assume that the group acts by uniform 
equivalences. 

Proposition 3.5. Let G be a group acting on a uniform space X . If the action is 
uniformly properly discontinuous, then the projection p: X — ► X/G has the unique- 
ness of chain lifts property. 

Proof. Consider an entourage E of X such that for all x G X the inclusion 
(x, g ■ x) G E implies g = 1 G G. We show that the entourage E is transverse 
to p. Indeed, p(x) = p(y) implies there is g G G such that y — g(x). Then 
(x, y) = (x, g ■ x) G E implies g = 1 G G and y = x. □ 

Corollary 3.6. Suppose a group G acts on a uniform space X . If the action is 
neutral and properly discontinuous then the projection p : X — > X/G is a uniform 
covering map. 

For the reverse implication we need some continuity of the action. Following 
Berestovskii and Plaut [4] , given an action of G on X and given an entourage F of 
X, we define the set Sf = {h G G (x^, h ■ Xh) G F for some Xh G X}. Let Gf be 
the subgroup of G generated by Sir. 

Definition 3.7. Suppose a group G acts on a uniform space X. The action is 
small scale uniformly continuous if for each entourage E of X there is an 
entourage F of X such that for each g G G_f, g^ 1 (E) is an entourage of X. 
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Two extreme cases of small scale uniformly continuous actions are: 

• Actions by uniform equivalences — in this case each map g is uniformly 
continuous; 

• Properly discontinuous actions (defined below) — in this case Gf = 1 for 
some F. 

Proposition 3.8. Let G be a group acting on a chain connected uniform space 
X. Suppose the action is faithful and small scale uniformly continuous. If the 
projection p: A — > X/G has the uniqueness of chain lifts property, then the action 
is uniformly properly discontinuous. 

Proof. There is an entourage E transverse to p, i.e., (x,g ■ x) £ E implies 
x = g ■ x. Since the action is faithful, it is enough to show that if x = g ■ x for 
some x £ X and g £ G, then y — g ■ y for any y £ X. Assume there is y £ X 
with y ^ g ■ y. Since x = g ■ x, we have g £ Gf for any entourage F. By small 
scale uniform continuity of the action, there is an entourage F such that g _1 (i r ') 
is an entourage of X and F 2 C E. Consider aFfl <? _1 (F)-cham a = {x , . . . , x n } 
from x = Xo to y = x n . Then g(a) is an F-chain. Choose the smallest i satisfying 
Xi ^ g(xi). Notice (xi,g(xi)) £ F 2 as Xi-i — g(xi-t). Hence xt — g{x%), a 
contradiction. □ 

Corollary 3.9. Suppose G is a group acting faithfully on a chain connected uniform 
space X . The action is small scale uniformly continuous and the projection p : X — > 
X/G is a uniform covering map if and only if the action is neutral and properly 
discontinuous. 

Recall G acts on X equicontinuously 9, Definition 6.1 on p. 89] if for every 
entourage E of X there is an entourage F of X satisfying (g-x, g-y) £ E for all g £ G 
and (x, y) £ F. Equivalently, X has a base of entourages E that are G-invariant 

(that means (x, y) £ E implies (g-x, g-y) £ E for all g £ G). Indeed, F' — (J g- F 

g&G 

is G-invariant and F' C E if (g ■ x, g ■ y) £ E for all g £ G and (x, y) £ F. In [4 
actions where X has a base of G-invariant entourages are called equi-uniform. The 
definition of discrete actions in [4] can be restated as equicontinuous actions that 
are uniformly properly discontinuous. 

Corollary 3.10. A discrete action of G on a uniform space X induces a uniform 
covering map X — » X/G. 

Proof. Equi-continuous actions are neutral. Use 13.61 □ 
Now we direct our attention to actions that induce generalized uniform covers. 
We consider a property that is related to approximate uniqueness of chain lifts as 
uniformly properly discontinuity is related to uniqueness of chain lifts. 

Definition 3.11. Suppose a group G acts on a uniform space X. The action has 
small scale bounded orbits if for each entourage E of X there is an entourage 
F of X so that the orbits of the induced action of Gf on A are i?-boundcd. 

This property gives a stronger version of small scale continuity. 

Definition 3.12. Suppose a group G acts on a uniform space A. The action is 
small scale uniformly equicontinuous if for each entourage E of A there is an 
entourage F of A such that for each g £ Gf, F C g^ 1 (E). 
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Lemma 3.13. Suppose G acts on a uniform space X. If the action has small scale 
bounded orbits then the action is small scale uniformly equicontinuous. 

Proof. Choose an entourage E such that E 3 C D and pick H C E so that 
orbits of Gjy-action are E-bounded. If (x,y) G H and g G Gh, then (x,g ■ x) G E 
and (y, g • y) G E therefore (g ■ x,g ■ y) ^EoHoEcD. □ 

Notice that an action is small scale uniformly equicontinuous if and only if for 
each entourage E of X there is are entourages F and H of X such that for each 
.9 G Gf, H C g (E). Also an action is small scale uniformly continuous if it is 
small scale uniformly equicontinuous. The following example shows that small scale 
uniform equicontinuity is indeed weaker than uniform equicontinuity. It also shows 
that small scale uniform continuity is weaker than the action being by uniform 
equivalences. 

Example 3.14. Let G be the free group generated by {x n } n >i and let Gk be its 
subgroup generated by {x n } n >k- Define Ek as all (x,y) G Gx G so that x-y^ 1 G Gk 
and let X be G with the uniform structure generated by {E k }k>i- 

a. The action of G on X defined by left multiplication is small scale uniformly 
equicontinuous but not equicontinuous. 

b. The projection X — > X/G is a generalized uniform covering map. 

Proof, a. Notice G_E fc = Gk and (x, y) G Ek, g G Gk, imply (g ■ x,g ■ y) G Ek as 
(9 ■ x) ■ {g ■ yY x g ■ (x ■ y- 1 ) ■ g- 1 e G k . 

b. Obviously p: X — » X/G has a chain lifting property. Suppose y%, . . . , yk 
is an i^-cham in X. Thus g m = y m ■ y m 1 +1 G G n for all m < k and yi ■ y/, 1 — 
9l ' ■ ■ • ' 9m— 1 G G„. Hence (yi,yk) G G„ and any two E„-lifts of the constant 
chain in X/G are E ra -close. That means p has approximate uniqueness of chain 
lifts property. If y\ and the end-point yk are fixed then existence of an E m -chain 
joining them for any m means y\ = yk- Thus all generalized uniform paths of X 
are constant and p: X — > X/G is a generalized uniform covering map. □ 

Proposition 3.15. Suppose G acts on a uniform space X. If the action has small 
scale bounded orbits then the projection p: X — > X/G has approximate uniqueness 
of chain lifts. 

Proof. Given an entourage E of X pick an entourage F\ of X with the property 
that (x, g ■ x) G E for all x G X and all elements g of the group Gf x ■ Also, by 13. 131 
we can assume (x, y) G F\ implies (g ■ x,g ■ y) G E for all g G Gf x - Let D be an 
entourage such that D 2 C El . Choose an entourage E C D of A with the property 
that (x, y) G E implies (g ■ x,g ■ y) & D for all 5 G Gd- 

Suppose there are E-chains a = {xq, . . . ,Xk} and 7 = {zo, ■ ■ ■ , Zk} in A that 
originate at the same point xq = zq and have Xi — gi ■ zi for some gi G G, i < k. 
It suffices to show that gk GG^ since then their endpoints Zk and ir^ are E-close. 
Let us use induction on k. 

Suppose k = 1. Now (xq,xi) £ F C D and (xo,gi ■ii)gFcDso (^liPi -^l) G 
E> 2 G Ei and g x G G Fl - 

Now suppose g k -i G G Fl - Since (a;fe_i, x k ) = (pfe_i • %_i,a:fe) G E, ■ 
.xfc) G D. We also have (z k -i,z k ) G E c E so (p^"^ • a; fe ,z fe ) = {gl\g k ■ z k ,z k ) G 
E 2 G Ei. Therefore g k l x gk G G Fl so g fe G G Fl - □ 

Again, for the reverse implication we need continuity. 
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Proposition 3.16. Suppose G acts small scale uniformly equicontinuously on a 
chain connected uniform space X. If p: X — > X/G has approximate uniqueness of 
chain lifts property, then the action has small scale bounded orbits. 

Proof. Given an entourage E of X choose an entourage Fx of X such that 
any two Fi-chains a and f3 with a common origin must be -E-close if p(cx) = p{(3). 
Choose an entourage F of X so that F C g~ 1 (E) for all g G Gp. 

Suppose g S Gp. We wish to show that (x,g ■ x) G E for every x G X. Now 
g = hi ■ ■ ■ h n where hi G Sp for i < n, say (yi, hi ■ yi) G F. For every i < n we 

consider an i^-chain ai from ^0}=i ^i) ' x t° Then (hi ■ c^) -1 is an .Fi-chain 
from hi ■ yi to ^Jl}=i hj^ ' x - Thus, the chain 

a = a.\ * (/ii • ctxY 1 * ■ ■ ■ * a n * (h n ■ an)' 1 

is an Fi-chain from x to f[XJ=i hj^ ■ x — g ■ x. 

Also, for every i £ consider the ^-chain /3j = ^1X^=1 hj\ • «i 

starting at x. Notice that p(/3i) = p(ai) and p^^ 1 ) = p((hi ■ a^) -1 ). Thus, the 
chain 

/3 = /3 1 *(/3 1 )- 1 *---*/3„*(/3„)- 1 

is an i^-chain from i to a; and p((3) — p(a). Therefore the endpoints of the chains 
a and /3 are -E-close. □ 

Remark 3.17. We can replace the hypothesis of small scale uniform equicontinuity 
in 13. 161 with the action being by uniform equivalences since we only need equicon- 
tinuity for the finite set j fllj=i ^j) '■ * — = ~^~^\' Therefore if G acts on 
a chain connected uniform space X by uniform equivalences and p : X — > X/G 
has approximate uniqueness of chain lifts, then the action is small scale uniformly 
equicontinuous. 

Since the definition of pro-discrete actions in [4] can be restated as uniformly 
equicontinuous actions that have small scale bounded orbits, one gets the following: 

Corollary 3.18. If G acts pro- discretely on a chain- connected space X, then the 
induced map p: X — > X/G from X to the orbit space X/G is a generalized uniform 
covering map if its fibers are complete. 



Proof. By 13.151 p has approximate uniqueness of chain lifts property and 12.81 
says p is a generalized uniform covering map. □ 

Recall that an action of a group G on a set X is called free if for all x € X the 
equality x = g ■ x implies g = 1 G G. 

Corollary 3.19. Suppose G acts faithfully on a uniform Hausdorff space X . If the 
action has small scale bounded orbits, then the action is free. 

Proof. Suppose g ■ x = xq for some g G G. Hence g G Gp for all entourages 
F, then (g ■ x, x) G E for all entourages E and all x G X. Since X is Hausdorff, 
g ■ x = x for all x G X and g — 1 as the action is faithful. □ 
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4. Uniform structures induced by group actions 

There are two well-known uniform structures on the set X G of functions from G 
to X: 

(1) Uniform convergence structure whose base consists of entourages E x = 
{(it, v)\(u(g), v(g)) G E for all g G G}, where E is any entourage of X . 

(2) Pointwise uniform convergence structure whose base consists of en- 
tourages Eg — {(u,v)\(u(g),v(gj) G E for all g G S}, where E is any 
entourage of X and S is any finite subset of G. 

However, if G acts on a uniform space X, one can introduce a third structure. 

Definition 4.1. Small scale uniform convergence structure on X G has a 

base consisting of entourages E* = {(u,v)\(u(g),v(g)) G E for all g G Ge}, where 
E is any entourage of X. 

Proposition 4.2. Suppose a group G acts on a uniform space X and <f>: X —> X G 
is defined by <j)(x)(g) — g ■ x for x G X and g G G. 

a. The action is through uniform equivalences if and only if <fi is uniformly 
continuous when X G is equipped with the pointwise convergence structure. 

b. The action is equicontinuous if and only if <j) is uniformly continuous when 
X G is equipped with the uniform convergence structure. 

c. The action is small scale equicontinuous if and only if cf) is uniformly contin- 
uous when X G is equipped with the small scale uniform convergence struc- 
ture. 

Proof, a. Recall (see [9]) G acts through uniform equivalences if, given g G G, 
the function x — > g ■ x from X to X is uniformly continuous. 

Since the projection X G —* X on the g-th coordinate is uniformly continuous, 
<fi being uniformly continuous implies that, given g G G, the map x — > g ■ x is 
uniformly continuous. 

If the action is through uniform equivalences and S C G is finite, then for any 
entourage E of X and any g G S we can find an entourage F g of X such that 
(x, y) G F g implies (g ■ x, g ■ y) G E. Pick F such that F C F g for all g G S and 
notice (x,y) G F implies (4>{x) , 0(y)) G E* , i.e. <f> is uniformly continuous. 

b. If the action is equicontinuous and E is an entourage of X, we pick an 
entourage F with the property (x,y) G F implies (g ■ x,g ■ y) G E for all g G G. 
Observe (x,y) G F implies (cj)(x) , (j>(y)) G -E^. 

Conversely, if (x,y) G F implies (<f>(x) , (f>(y)) G E* x , then G F implies 

(g ■ x, g ■ y) £ E for all g G G and uniform continuity of 4> implies equicontinuity of 
the action. 

c. If the action is small scale equicontinuous and E is an entourage of X , we 
pick an entourage F with the property {x, y) G F implies (g ■ x, g ■ y) G E for all 
g G Gf- Observe (x,y) G F implies (<fi(x) , cf)(y)) G F*. 

Conversely, if (x, y) G F implies (4>{x), 4>{y)) G F*, then (x, y) G F implies 
(g ■ x,<? • y) G F for all g G Ge and uniform continuity of <f) implies small scale 
equicontinuity of the action. □ 

If a group G acts on a uniform space X, we consider two ways of creating uniform 
structure on G (for other uniform structures on G see [321 Chapter IV]). 
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(1) Let E be an entourage of X. Define a symmetric subset E* of G x G as 
follows: (g, h) € E* if (g ■ x, h ■ x) € E for all x e X. Let {E*} be a base of the 
uniform convergence structure on G. 

(2) To define a base of small scale uniform convergence structure on G we 

consider the family {E}, where E is an entourage of X and (g, h) G E if g-hr 1 £ Ge- 

Corollary 4.3. Suppose G acts neutrally and freely on a uniform space X and let 
p: X — > X/G be the induced map from X to the orbit space X/G. The following 
conditions are equivalent: 

a. p is a uniform covering map. 

b. The uniform convergence structure on G is discrete. 

Proof. Since the projection p has the chain lifting property bv 13. LI it suffices to 
observe that the uniform convergence structure on G is discrete if and only if there 
is an entourage E transverse to p. □ 

Corollary 4.4. Suppose that a group G acts small scale equicontinuously and neu- 
trally on a chain- connected space X. Let p: X —> X/G be the projection. Consider 
the following conditions: 

a. p is a generalized uniform covering map. 

b. The uniform convergence and the small scale uniform convergence struc- 
tures on G are the same. 

Condition a) implies Condition b). If the fibers of p are complete, then b) implies 
a). 

Proof, a) => b). Bv l3.16l given an entourage E of X there is an entourage F 
such that the orbits of induced action of Gf on X are _B-bounded. That implies 
F C E*. Indeed, if g ■ h^ 1 E Gf and y — h ■ x, (g ■ x, h ■ x) = {{g ■ h^ 1 ) ■ y,y) e E. 
Since E* C E for all E, the two structures are the same. 

b) => a). If F C E* , then the orbits of induced action of Gf on X are E- 
boundcd. Bv l3.15l p has the approximate uniqueness of chain lifts property and by 
12.81 it is a generalized uniform covering map. □ 

5. Applications to continua theory 

In this section we present a short exposition of a construction of a homogeneous 
curve P of J.Prajs [15] that is path-connected but not locally connected. That 
construction is one of the most interesting results in continua theory in the last 
decade, so it is worth pursuing a little bit different point of view on it. 

The example of P in [15] was constructed as the inverse limit of finite reg- 
ular covering maps of Menger sponge M over itself. By [TU] it leads to a pro- 
discrete action on P and as such P is theoretically realizable in the form of the 
orbit space GP(M,mo)/K for some subgroup K C ni(M, m ) (see [H]). The pur- 
pose of this section is to construct such group K and show the desired properties 
of GP(M,mo)/K using the theory developed in this paper. Focusing attention on 
the group K allows to isolate its features that are responsible for certain properties 
of P. For example, our proof of path-connectedness of P is a real simplification in 
comparison to [15] . 

Another simplification is the use of Bestvina's theory [2] of Menger manifolds, 
most notably the result that UV°-m&ps between /^-manifolds are near-homeomorphisms 
(consult p] and [5] for basic results on inverse sequences and near-homeomorphisms). 
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That particular theorem serves very well as the lighthouse for what we are doing 
here regarding the Menger sponge /i 1 = M . 

First, it makes sense to derive general properties of GP(M,mo)/ K depending 
on K. 

Theorem 5.1. Suppose M is a locally connected continuum, TL is a transitive group 
of homeomorphisms of M , and K is a closed subgroup o/7Ti(M, mo). 

a. 7/7Ti(M, mo)/K is compact, then Mk — GP{M,mo)/K is compact. 

b. // the set of free generalized loops generated by K is Ji-invariant, then Mk 
is homogeneous. 

c. If TTi(M,rrio)/ K is Abelian, then Mk is path- connected. 

d. If there is a closed neighborhood N of mo such that the image of the compo- 
sition 7Ti(N,mo) — > tt\(M, mo) — » -kx{M, mo)/K has empty interior, then 
Mk is not locally path- connected. 

Proof. Let q: GP(M, mo) — > Mk and p: Mk — * M be the quotient maps. 

a) . Since GP(M,mo) is metrizable, the space Mk has a countable base of 
entourages and we might as well use metric reasoning in that case. It suffices to 
show p is a closed map (in the topological category). If p is not closed, there is a 
sequence x n G Mk forming a closed subset of Mk such that p(x n ) converges to 
p{xo) but p{x n ) 7^ p{xg) for all n > 0. Express x n as q(a n ) and find paths (3 n 
from p{x n ) to p(xq) whose diameter tends to as n — > oo. Put y n = q(a n * f3 n ) 
for n > and notice p(y n ) — p(%o)- Without loss of generality we may assume y n 
converges to yo as p~ 1 (p(xo)) is compact. Since diameters of f3 n approach 0, yo 
must be the limit of x n as well. Hence yo = x n for some n > and p(xq) = p(x n ), 
a contradiction. 

b) . By a free generalized loop generated by K we mean any loop of the form 
or 1 * ft * a, where (3 G K and a is a generalized path joining mo to some x. The 
set T of free generalized loops being 7i-invariant means h(T) C T for any h £ H. 

Since 7Ti (M, mo) / K serves as the group of deck transformations of p, all we need 
to show is that for any generalized path a from mo to some x ^ mo there is a 
homeomorphism H of Mk so that H(q(mo)) = q{o). Choose a homeomorphism 
h of M sending mo to x. Define H by H(q((3)) = q(a * h((3)). H is well-defined 
exactly when T is 7i-invariant. Indeed, if 7 e K, then a * h(^f * 0)a * h(j) * h(f3)a * 
ft(7) * oT x * a * h{(3) and q(a * h(j * (3)) = q(a * h((3)) as a * h(j) * a' 1 G K. 

c) . Let us show first that the elements of the fiber p~ 1 (mo) can be joined by a 
path in Mk to q(mo). Such clement corresponds to an element 7 G tti(M, mo)/K . 
Since that group is Abelian, the homomorphism tti(M, mo) — ► ni(M,mo)/K fac- 
torizes through the abelianization of tti(M, mo), the first Cech homology group 
H\(M) of M (see [6]). As H\(M) is the image of the singular first homology group 
H\(M) of M (see [8]) and -Hi (M) is the abelianization of7Ti(M, mo), we may realize 
7 as a real loop in M. That loop lifts to a path in Mk starting at q(mo) an ending 
in the desired element of p _1 (mo). 

If x G M \ {mo}, we choose a path A from x to mo in M. Given an element y of 
p~ 1 (x) we can lift A to a path in Mk starting at y an ending inp _1 (m ). That path 
can be continued to q(mo). That completes the proof of Mk being path-connected. 

d) . If Mk is locally path connected, there is a path connected neighbor- 
hood U of q(m ) in p^ 1 (N) — wi(M,mo)/K. All the paths from q(mo) to ele- 
ments of p^ 1 (N) (~l U generate loops in (N,m ) whose images via the composition 
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7ri(iV, mo) — * 7ri(M, too) — > 7ri(M, mo)/K form exactly (711 (M, mo)/K) (~1 /7, a con- 
tradiction. □ 

5.1. Z-sets and iZ-circles. From now on let M be the Menger sponge. Recall 
a Z-set in M (see [2]) is a closed subset of A/ such that the identity map id,M 
belongs to the closure of the set of maps f : M — ► M missing A. Notice any 
near-homeomorphism h: M — > M sends a Z-set of the form h^ 1 (A) to a Z-set. 

A subset C of M homeomorphic to the circle is called a iZ-circle if it has a 
Z-arc-resolution: there is a copy Mi of the Menger sponge and an arc A\ that is 
a Z-set in M\ such that the pair (M, C) is obtained from (Mi,Ai) by gluing two 
disjoint non-degenerate intervals B\ and C\ of A\. If q± : Mi — » M is the quotient 
map corresponding to gluing, notice every sub-arc of C missing q± (Bi ) is a Z-set in 
M and none of sub-arcs of gi(-Bi) is a Z-set in M. Thus every iZ-circle C has a 
specific structure in the form of the arc gi(-Bi) and the closure of its complement. 
Any homeomorphism between two ^Z-circles preserving that structure will be called 
a iZ-homeomorphism. 

The general strategy from now on is to follow the well-known scheme of things 
for Z-sets (homeomorphism extension theorems) and apply it to ^Z-circles via Z- 
arc-resolutions. 

For a ^Z-circle define kq G H 1 (M;Z/2) as follows: Pick a retraction n of 
Mi onto A\ and notice it induces a retraction s\ : M — > C . The composition 
£ o si : M -> where 5: C -> generates ff^C; Z/2), is the desired k c . 

Lemma 5.2. kc does not depend neither on the choice of gluing nor retraction r±. 

Proof. If r[ : Mi —> A\ is another retraction, it is homotopic to r\ rel. Ai, so 
the induced retraction : M — > C is homotopic to s±. 

Suppose another set of objects M 2 , A 2 , B 2 , C 2 , and r 2 is given with the corre- 
sponding gluing denoted by q 2 : M 2 — > M. Notice q 2 (B 2 ) = qi(Bi) as every sub-arc 
of C missing q 2 (B 2 ) is a Z-set in M and none of sub- arcs of q 2 (B 2 ) is a Z-set in 
M. Pick a homeomorphism /i: B\ — > B2 so that h o q 2 = qi, extend it over Ci to 
/i : Ci U Si -> C 2 U , and then to h : A\ -> A 2 . Finally, extend it to ft : Mi -> M 2 . 
Given a retraction ri : Mi — > Ai we can produce the corresponding r 2 : M 2 A 2 
as h o n o ft, -1 and notice ri and r 2 induce the same retraction M — > C. □ 

Corollary 5.3. Suppose C is a ^Z-circle in M. If h: M — * M is a homeomor- 
phism, then h(C) is a ^Z-circle in M and Kh(c) °h ~ kq- 

The proof of 15.21 yields another useful fact in conjunction with the standard 
extension of homeomorphism between Z-sets in M (see [5]). 

Corollary 5.4. A homeomorphism between two ^Z-circles in M extends to a home- 
omorphism of M onto M if and only if it is a '-homeomorphism. 

With a bit more work one gets the following: 

Corollary 5.5. Suppose g: C\ — > C 2 is a ^Z '-homeomorphism between two ^Z- 
circles in M and h: Ai — > A 2 is a homeomorphism of Z-sets in M , A\ C M\Ci and 
A 2 C M\C 2 . Given two countable dense sets Di and D 2 in M , D\ C M \ (Ci U A\ ) 
and D 2 C M \ (C 2 U A 2 ), there is a homeomorphism H : M — > M extending both g 
and h such that H(Di) = D 2 . 
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Proof. By passing to Z-arc-resolutions of both C\ and C2 one reduces 15.51 to 
the case of Z-sets only in which case one uses local pushes (see the proofs later on) 
utilizing the fact M has a base of open sets U whose boundary d(U) is a Z-set in 
UUd{U). □ 

5.2. The construction of the group K. What we need is a large set of linearly 
independent elements kc of H 1 (M; Z/2). Notice that {KcU)}f—i are linearly inde- 

n 

pendent if curves C(i) are mutually disjoint. Indeed, a = ^] nc{i) cannot be as 

8=1 

a\C(i) is the generator of i? 1 (C(i); Z/2) for each i. 

As in [15] we choose a countable family of Z-arcs {^4^}°^ in M that forms a null- 
set (that means only finitely many of them have diameter bigger than a given e for 

00 

any e > 0), such that [J A, is dense in M and we use those arcs to form a quotient 

i=l 

map q: M — > Mi by gluing two sub- arcs of each Ai in order to get a ^Z-circle C,. 
In comparison to |15j the technique of near-homeomorphisms is very handy here: 
using Bestvina's characterization [2] of M as a locally connected continuum that 
has disjoint arc property, one can easily see that performing finally many gluing 
operations yields a Menger sponge again. For infinite set of gluing operations one 
forms M n as the result of contracting arcs Ai, i > n, to points and then gluing 
parts of arcs Aj, i < n. One has a natural projection M n+ i — > M n that is UV°, 
hence a near-homeomorphism. Consequently, the inverse limit of those projections 
(which is Mi) is homeomorphic to M. 

Definition 5.6. Given a family T = {C{s)} s ^s of mutually disjoint ^Z-circles of 
M define the following objects: 

(1) L(J-) is the set of all loops / : S 1 — > M such that «c(s) °/ is null-homotopic 
for all s £ S. 

(2) 7i(J-) is the group of all homeomorphisms h so that h(L(J-)) C L{!F) (by 
h(L(T)) we mean loops of the form h o /, / g L{T)). 

(3) The group if (J 7 ) consists of all generalized loops in ni (M, mo) whose image 
in Hi{M) is represented by a loop / e L{T). 

(4) T(J r ) is the set of free generalized loops of K{T). 

Notice that elements of T{T), after being sent to Hi(M), are represented by 
exactly the same loops / £ L{T), so T{!F) being H^J 7 ) -invariant is easy. 

Lemma 5.7. If T forms a null-set, then K(T) is closed and 7Ti(M, mo)/K(J-) 

is compact Abelian. Moreover, if (J C(s) is dense in M , then for any proper 

ses 

closed subset N of M containing mo the image of the composition tti(N, mo) — > 
7Ti(M, mo) — > ni(M,mo)/K(J r ) has empty interior. 

Proof. Let a: M — > i?P^ = J| i?P 2 be the diagonal map induced by Kc(s)i 

s £ S. Notice K{T) is exactly the kernel of ni(a): 7fi(M, mo) — > 7Ti(i?Ps,c ) = 
Hi(RPs), so it suffices to show Hi(a): H\(M) — > H\{RPs) being epimorphic. 
That follows from continuity of -Hi (a) and the fact finite unions of images of loops 
C(s) form a dense subset of Hi(RPs). 

If iV is proper, then infinitely many sets C(f) are contained in M \ U, U a 
neighborhood of JV. For any such t £ S the image of wi(N, mo) — > ^"i(M, mo) — > 
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7ri(M, mo)/K(J 7 ) — Y\ (Z/2) s has i-coordinate equal 0, hence cannot have non- 
empty interior in Y[ (Z/2) s . □ 

Lemma 5.8. Suppose T — {C(s)} se s forms a null-set of mutually disjoint ^Z- 
circles and [J C(s) is dense in M. Ti.(J-) acts on M transitively if any decomposi- 

seS 

tion of M into some members of T and singletons yields M up to homeomorphism. 

Proof. First observe any homeomorphism ft that leaves (J C(s) invariant be- 

longs to 7i{!F) (use 15.31) . so 15.81 follows from the following two facts: 

Fact 1: Any two points x and y not belonging to (J C(s) can be connected 

seS 

by such homeomorphism that is an identity on a given Z-set A of M contained in 

M\ |J C(s) \ {x, y} (see an outline later on). 

ses 

Fact 2: If x S C(so), then one can find a homeomorphism ft, arbitrarily close to 
idjv/ such that h{ (J C(s)) = [j C(s) and h{x) £ [j C(s) (see an outline later 

«t^so s^iso seS 

on). 

Indeed, by Fact 2 one can make h so close to idM that kc(s ) an d K C(s ) ° ^ are 
nomotopic resulting in h(L(lF)) C L(F). 

Fact 2 is actually a consequence of Fact 1 as follows. Let D be the decomposition 
of M into C(s), s 7^ So, and singletons with the resulting quotient map q: M — > 
M/D. Since M/D is homeomorphic to M, one can find a closed neighborhood 
fi«Mm M/D of g(x) whose boundary is a Z-set in B and is contained in 
q(M \ U C{s). Now A = q-^dB) is a Z-set in q- 1 (B) « M, so using Fact 1 

we can find a homeomorphism h of M fixing M \ int{q~ l {B)) permuting those 
C(s) that are contained in q^ 1 {B). That homeomorphism can be made as close as 
possible to idM by adjusting the size of B. 
Fact 1 can be reduced to: 

Fact 3: Suppose A and B are iZ-circles in M and hi: A — > B is a ^Z- 
homeomorphisms. Let Mi = M/yl and M 2 = Al/B. Given any homeomorphism 
g: Mi — » Af 2 sending A/A to and given any neighborhood U oi B /B there is a 
homeomorphism ft: M — > M coinciding with t; outside of g _1 ([/) so that ft|A = fti. 
Moreover, if Da is a countable dense set in M \ A and Db is a countable dense set 
in M \ B and g{DA) — Db, we can accomplish }i(Da) = Db- 

Let us show Fact 3 => Fact 1. Let Mi be the decomposition of M into 

C(s), s £ S, and singletons. Let Z?i be the image of (J C s in Mi via the quo- 
tes 

tient map qi : M — > Mi. Z?i is a countable set, so there is a homeomorphism 
hi: Mi —> Ni = Mi satisfying hi(qi(x)) = qi(y), hi\qi(A) = id, and hi(Di) = D x . 
Assume S is the set of natural numbers and let M n be the quotient of M via the 
decomposition of M into C(s), s > n, and singletons. Let q n : M — ► M„ be the 
quotient map and let £>„ = g„( (J C(s)). Let q™ +1 : M n+ i — > M„ be the natu- 

ral quotient map. We want to create homeomorphisms ft„ : M n — > A„ for n > 2, 
where A^ n is the decomposition of M into C(ti), . . . ,C(t„) and singletons. We 
have analogous quotient maps p n : M — * N n and p^ +1 ■ N n+ i — > A„, and analo- 
gous countable dense sets in A„, so we require h n (D n ) = _E„ and p"_i o ft n is 



GROUP ACTIONS AND COVERING MAPS IN THE UNIFORM CATEGORY 



15 



e n -close to h n -i o q™_i, where {e n } n >i is going to be constructed to ensure conver- 
gence of h„ to a homeomorphism h: M — ► M (see [1] or [5]). Moreover, we want 
h n {qn( U C( s ))) =Pn( U C( s )) and h(q n (x)) = g n (y). 

/i n is obtained by picking a small (of diameter less than e "~ 1 ) neighborhood 
B w Af of the point /i n _i(g n _i(C(n))) so that the boundary dB of -B is a Z-set 

in £? and does not intersect p n -i( U C(s)). Let t„ be the element of S satisfying 

ses 

h n -i(q„-i(C(n))) =pft-i(C(tn)). Put B' = h~^i(B). On the set faS-i) -1 ^) we 
construct a homeomorphism sending 

(1) the boundary of {q^_- i )~ x {B') to the boundary of (p'^_ 1 )~ 1 (B) as deter- 
mined by h n —i, 

(2) q n (C(n)) onto p n (C(t n ), 

(3) £>„ n (C-i)- 1 ^') onto n (pJI-i)- 1 ^), 

and then we patch it with the lift of h„-i. 

□ 
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